Higher Mathematics Quest

Polynomials Past Papers Unit 2 Outcome 1

Multiple Choice Questions

Each correct answer in this section is worth two marks.

1. Given p(x) = x% 4+ x — 6, which of the following are true?

I. (x+3) is a factor of p(x).
II. x =2isarootof p(x) =0.
A. Neither I nor Il is true
B. Only lis true
C. Only Il is true

D. BothIand Il are true

Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
D 2.1 C 0.78 0.67 NC A21 HSN 170

(£+3) s ofador & pl-3)=0.
p(-3)= (R)-3-6 = 9-9=0

So (2+3) & o fuckor of pl).
p(2)=T+2-0 = 4+2-6=0.

Soe %= & o root o'F })(’16)=O. Op‘t(bVL
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Higher Mathematics

2. When 2ax® + (a + 1)x — 6 is divided by x + 2, the remainder is 2.

What is the value of a?

Quest

A 3
B. -3
c. -3
D. -3
Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
C 2.1 C 0.41 0.77 NC A21 HSN 174

Lot £ix)= 2o + (a1) - 6.

e wmanidor 5 Q Yan $-2)=2, @

20X (—‘;L)BJr (at)x(-2)-b=2

~-1ta- -2 -6 = 2
-4%3 o = 10

.o.5

9

Opt(OVL

[END OF MULTIPLE CHOICE QUESTIONS]

Page 2

Questions marked ‘[SQA]" © SQA

All others (©

Higher Still Notes



Higher Mathematics Quest

Written Questions
seal 3. (a) Express f(x) = x* —4x + 5 in the form f(x) = (x —a)? +b.

(b) On the same diagram sketch:
(i) the graph of y = f(x);
(ii) the graph of y =10 — f(x).

(c) Find the range of values of x for which 10 — f(x) is positive.

Part | Marks | Level | Calc. | Content Answer U1 0C2
(a) 2 C NC | A5 a=2b=1 2002 P1 Q7
(b) 4 C NC | A3 sketch
(0 1 C NC | Ale, A6 -1<x<5

ol pd: process, e.g. completing the ol g =2

square 2 b=1
o2 pd: process, e.g. completing the 3

square o> any two from:'

parabola; min. t.p. (2,1); (0,5)

¢’ ic: interpret minimum o* the remaining one from above list
¢ ic: interpret y-intercept ¢° reflecting in x-axis
¢° ss: reflect in x-axis o® translating +10 units, parallel to
® ss: translate parallel to y-axis y-axis
o/ ic: interpret graph o/ (-1,5)ie. —1<x<5

sQa] 4. Find the values of x for which the function f(x) = 2x3 — 3x? — 36x is increasing.

non-calc cale calc neut Content Reference : 21
C | AJB C A/B| C A/B Main  Additional ;

lpart marks | Unit

Source

. 4 2.1 2 2 13.11 218
1996 P1 qu.16

s know to consider f(x}>0  stated or implied by the evidence for =4,

¢ B g’ 6x-36
o 6{x-3)x+2)>0 or by formula or completing the square

»  x<-2, x>3
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Higher Mathematics

5.

Quest

(i) Write down the condition for the equation ax? + bx + ¢ = 0 to have no real
roots.

(ii) Hence or otherwise show that the equation x(x +1) = 3x — 2 has no real roots.

L)

—_—

3

! non-calc calc calc neut Content Reference : 2.1
part marks | Unit [T 0 1—="T078 1 C [ A/B_|_ Main__Additional
® 1 21 1 216 L
@ 2 21 2 216 1999 P1 qu.8

U B2 _dgc=0
2 22 46x49=0
b2 —dac =36-36=0

OR & (x+3)x+3)=0 sorootsarc -3, -3

6. Show that the roots of the equation (k —2)x? — (3k — 2)x + 2k = 0 are real.

; non-calc cale cale neut Content Reference : 2.1
part marks | Unit C [A/B| C JA/B| C [A/B | Main Additional
Source
21 1 3 216
. 1990 P1 qu.18

use discriminant A
A=Gk-2)7 —8k(k—2)
A =k2 +4k+4

(k+2)* 20 so roots real

7. For what value of k does the equation x? — 5x + (k + 6) = 0 have equal roots?

Part | Marks | Level | Calc. | Content Answer U2 0C1
3 C | CN |A18 =1 2001 P1 Q2
ol ss: know to set disc. to zero ol 2 —4dac =0 stated or implied by o>
o2 ic:  substitute a, b and ¢ into o2 (=52 -4 x (k+6)
discriminant S k= %
o> pd: process equation in k
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8. Given that k is a real number, show that the roots of the equation kx® +3x+3=k are
always real numbers.

Quest

] " non-calc calc calc neut | Content Reference : 2.1
part marks | Unit [ TmpT—= T8 € [A/B | Main_Additional
Source
i 216
' B # ! . 1991 P1 qu.18

o' for realising “b* — 4ac”2 0
& el +3x+(3-0=0

@ A=3"_4k(3-1)

o a=(2k-3)

> for stating (2k - 3)?is 2 0 for all real k

9. Find the values of k for which the equation 2x? + 4x + k = 0 has real roots.

Uni non-calc | calc calcneut | Content Reference : 2.1
part marks | Unit |"e TA7B | C [A/B| C [A/B | Main Additional
Source
2 21 2 217
1993 P1 qu.3

o' discriminant=16-4x 2%k

2 16-8k20 forreal roots=>k <2

10. For what value of a does the equation ax? + 20x + 40 = 0 have equal roots?

¢ " Unit non-calc calc calc neut Content Reference : 21
RAL InaEks. | C [A/B| € Ta/Bl € [A/B | Main Additional
Source
2 2.1 2 2.1.7
1996 P1 qu.2
o 52 ~4ac=0
2 2= 2%
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Quest

[sQa]  11. Show that the equation (1 — 2k)x? — 5kx — 2k = 0 has real roots for all integer

values of k.
Part | Marks | Level | Calc. | Content Answer U2 0C1

A/B | CN | Al8, A16,0.1 proof 2002 P2 Q9

! ss: know to use discriminant o! discriminant = ...

o2 ic: pick out discriminant o2 disc = (—5k)? — 4(1 — 2k)(—2k)

o pd: simplify to quadratic o> 9k? + 8k

e ss: choose to draw table or graph o' e.g. draw a table, graph, complete

o> pd: complete proof using disc.> 0 the square

complete proof and conclusion
relating to disc.> 0

[S0A] 12. The roots of the equation (x—1)}(x +k)=—4 are equal.

Find the values of k.
. ; non-calc cale calcneut | Content Reference : 21
part marks | Unit C |A/B| C JA/B| C [A/B | Main Additional ;
Source
- 1 4 217
° 2! 1995 P1 qu.20
_#-_P—*’_

xz +hkx—x+4d=-k=0
b —dac=0
(k—1)2 - 4(4-%)

k® +2k-15=0
k=-5, k=§
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Quest

sQal 13, (@) f(x)=2x+1, g(x)= x% + k, where k is a constant.

[SQA]

b (1)

()  Pind g(f(x)).
(i)  Find f(g(x)).

Show that the equation g(f(x)) - f(g(x)) = 0 simplifies to
2x” +4x—-k=0.

(ii)  Determine the nature of the roots of this equation when k = 6.

(iii) Find the value of k for which 2x% +4x—k =0 has equal roots.

+°  first linear factor
*"  quadratic factor

& pther linear factors

strat. make 2 trial divisions or 2 trial evaluations

[ ks | Uni non-calc calc calcneut | Content Reference ! 21
part marks | Unil "¢ TAB | € |[AB | ¢ [aB | Man Additional
Source
(@) 4 1.2 4 1.2.6 1996 Paper 2
& 1 2.1 7 2.1.6, 2:1.7,0.1 Qu.4
@ < g2x+1) ® o 4 sdx+k+1 AND 2%+ 2k+1
2 @x+1)? +k o 4x2+4x+k+1-—(212+2k+1)=0
é j(xi+k) s0 2% +4x—k=0
4 2
. Z(x +k]+T o7 b —dac=16-4x2x(-6)=64
«* 5o roots real & distinct
b —gac=16-4x2%(-K)
o'® B _4ac=0 for equal roots
Ll .
14. Factorise fully 2x® + 5x% — 4x — 3.
] ; non-cale calc calc neut | Content Reference : 21
part marks | Unit C [A/B] C JA/B| C JA/B ] Main Additional
Source
; 4 21 4 213
1989 P1 qu.2
| q

Cx-1D2x + 1Hx+3)
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Quest

seal  15. Find p if (x 4 3) is a factor of x3—x2 4+ px + 15.
X Uni non-cale cale cale neut Content Reference : 21
part marks | Unit = me ¢ [A/B] C [A/B | Main  Additional
Source
11
B & 3 L 1990 P1 qu.1
o strak: e.g. find f(-3)
2 f-»=0
03 P=_7
[SQA]

16. (@) Show thatx=2isa root of the equation 2 + 22 ~13x+6=0.
(#) Hence find the other roots.

. ; non-calc cale calcneut | Content Reference : 21
part marks | Unit === "T375 "¢ [A/B | Main Additional
(a) 1 21 1 211 Source
(b) 3 21 3 212 1999 P1 qu.1
2
! f(2)=16+4-26+6=0 22 1 136
or 4 10 -6
the appearance of a (" at the end 2. & S %
of the 3rd line in the table below o 227 4+5x-3
ot —3’.%
sea]  17. Find k if x — 2 is a factor of x3 + kx? — 4x — 12.
. non-calc cale calc neut | Content Reference : 2.1
part marks | Unit —==mp =T8¢ [A/B | Main  Additional
Source
3 21 3 211
1992 P1 qu.3
o' f(2)=8+4k-8-12 o' correct use of division
< f2)=0 *? remainder =4k - 12
3
& ka3 o k=3
Questions marked ‘[SQA]" © SQA
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Quest

[sQal  18. When f(x) = 2x* — x3 + px? + qx + 12 is divided by (x — 2), the remainder is 114.
One factor of f(x) is (x+1).
Find the values of p and 4.
" non-calc calc calc neut | Content Reference : 21
part marks | Unit === T8 C [ A/B | Main _Additional
Source
3 = " = 1991 P1 qu.6
=114
D=0
@ 4p+2g=78
o p-g=-15
.5 p s 8'q i 23
[sQal  19. One root of the equation 2x® — 3x% 4+ px 430 = 0 is —3.
Find the value of p and the other roots.
. non-calc calc cale neut | Content Reference:
part marks | Unit |—=mT—5"T 27851 C [A/B | Main Additional 21
Source
4 21 4 212
1993 P1 qu.7
ol f(=3)=-54-27-3p+30 or synth.division €8 -3 2 -3 P 30
2 -6 27 -3p-81
© p=-17 T2 -9 p+27 -3p-51
& 2 9xa10 and -3p-51=0
»4 2’%
: 3 .2
sQal  20. () Show that (x-3)isa factor of f(x) where f(x)=2x" +3x" - 23x-12.

{t) Hence express f(x} inits fully factorised form.

. non-calc calc calc neut | Content Reference : 21
part marks | Unit |~ T~F T A8 € [A/B | Main  Additional
@ 2 21 2 213 Saurie
® 2 21 2 213 1995 P1 qu.2
] 3 2
. f(3)=2x3"+3x3"-23x3-12 . .
2 or equivalent division

L z{]

@ 2 19x+4
. (x=3)2x+1)x+4)
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21. Express x

4

— x in its fully factorised form.

Quest

) non-calc cale calc neut Content Reference :
part marks | Unit =T 9T T o751 € [A/B | Main Additicnal 2.1
Source
4 21 4 713
1996 P1 qu.7
o x(xs - IJ OR o! synthetic division or eval. f(k}
2 H — —

*  synthetic division o eval. f(k) '3 Hriga fa‘“’“(xz 1 ,

3 S (x s 1] ¢ cubic factor= (x +x +x)

of x{r—l)(x2+x+1J o x(x~1)[x2+x+]]

22. {a) Find a real root of the equation 2x3 - 3x2 +2x~-8=0.
(b) Show algebraically that there are no other real roots.
- non-calc calc calc neut Content Reference : 21
part marks | Unit T TA/Bl C JA/B] C [A/B | Main Additional
@ 2 21 2 212 Source
w3 21 3 217 1997 P1 qu.5
1 . 3 .2
*"  looking forf(x)=......=0 o 2 kx4 d
@ x=2 explicitly stated & P o dac=1-4x2x4
= bz —4ac « 0 means no real roots
23. Express x> — 4x? — 7x + 10 in its fully factorised form.
5 non-calc calc cale neut Content Reference : 2.1

part marks | Unit C 1A/B| C [A/B] C |A/B | Main Additional

4 21 4 213 e

1998 P1 qu.2

1

o2

evaluating f(k) for any integer by any method
find 1 value of ksit. f(k) =0
eg. fQ) or f(=2) or f3)

2 quad factor e.g. x:‘: -3x-10

o (x—1)}x+2{x-5)
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Quest

sQa]  24. (a) Given that x + 2 is a factor of 2x3 + x% + kx + 2, find the value of k.

(b) Hence solve the equation 2x® 4 x? + kx + 2 = 0 when k takes this value.

Part | Marks | Level | Calc. | Content Answer U20C1
(a) 3 C | CN | A21 k= -5 2001 P2 Q1
(b) 2 C CN | A22 x=-2,11

ol ss:  use synth division or Vf(=2) =2(=2)34---

f(evaluation) 2 2(=2)3+(-2)2 -2k +2
o’ pd: process 3 k=-5
3 5d-

** pd: process ot 2x2 —3x +1 or 2x2 + 3x — 2 or

¢ ss: find a quadratic factor X2 +x—2

¢° pd: process ® 2x —1)(x — 1) or (2x —1)(x +2) or
(x+2)(x—1)
and x = -2,1,1

[sQa]  25.

(a) Write the equation cos26 4+ 8cosf +9 = 0 in terms of cosf and show that,
for cos 8, it has equal roots.

(b) Show that there are no real roots for 6.

5 non-calc calc calc neut Content Reference : 23
part marks | Unit =" rm =T8¢ T A7B | Main Additional
() 3 23 112 233 216 Source
®) 1 12 L 121 1998 P1 qu.18

J 20088-1+8cosB+9
. Acos6+2) =0

or “p? _dae"=16-4x1x4
cosd=-2 twiceor “b* —4ac” =0

4

cos6 =2 has no solution

Page 11
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Quest

76. Calculate the least positive integer value of k so that the ¥a y =k -8x+k
graphof y= kx® - Bx+ k does not cut or touch the x-axis.
(0.k)
0 "
. non-cale cale cale neut Content Reference : 21
part marks | Unit == g T TA/B Additional
Source
4 21 1 3
1992 P1 qu.17

*  strat: use discriminant
o b’ —4ac<0

$ ea-4’

o k=5

Page 12
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27. (a) The point A(2, 2) lies on the parabola
y= xz +px+-q.
Find a relationship between p and q.

A2,2)

() The tangent to the parabola at A is the line y = x. Find the value of p.
Hence find the equation of the parabola.

(c) Using your answers for p and g, find the value of the discriminant of
x% 4+ px+ ¢ =0. What feature of the above sketch is confirmed by this

value ?
1 non-calc eale calcneut | Content Reference :

DUt it C JA/B | € [A/B| C |A/B | Main Additional 2.1
@ 1 0.1 1 0.1 Sournce
® 6 13 2 | 4 | 137 01 1994 Faper 2
& 2 2.1 2 | 216 Qu9
(a) ol 2p-§-qz-—2
® 2 sategy

@ dxip

o gradient = 1, orequivalent

o 4+p

0’6 P:..s

.7 q:.;!
& o A=-7

¢ JF meansnoroots

Page 13
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sQal  28. The diagram shows part of the graph of the YA
curve with equation y = 2x3 — 7x% + 4x + 4. y = f(x)

(a) Find the x-coordinate of the maximum
turning point.

(b) Factorise 2x3 — 7x% + 4x + 4.

(c) State the coordinates of the point A and A . .
hence find the values of x for which [ O (2,0) x
2x3 —7x% +4x +4 < 0.

Part | Marks | Level | Calc. | Content Answer U2 0C1
(a) 5 C NC | C8 x=1 2002 P2 Q3
(b) 3 C NC | A21 (x—=2)(2x +1)(x - 2)

(©) 2 C | NC | A6 A(-1,0),x < -1
! ss: know to differentiate ol fl(x)=...
o2 pd: differentiate o2 6x2 — 14x +4
o3 ss: know to set derivative to zero o} 6x2 —14x+4=0
ot pd: start solving process of equation ot (3x—1)(x—2)
¢° pd: complete solving process o x=1
% ss:  strategy for cubic, e.g. synth. 2 -7 4 4
division o cee e
¢’ ic: extract quadratic factor e -1 0
8 pd: complete the cubic factorisation o 2x2 _3x—2

o’ ic: interpret the factors
e ic: interpret the diagram

o8 (x—2)2x+1)(x—2)

© A(-1,0)
10

ol x<—1

Page 14
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29.

Quest

(a) The function f is defined by f(x) = x® — 2x?> — 5x + 6.
The function g is defined by g(x) = x — 1.
Show that f(g(x)) = x> — 5x% +2x + 8.
(b) Factorise fully f(g(x)).
1
(c) The function k is such that k(x) = ——.
f(8(x))
For what values of x is the function k not defined?
e T o e e e el I
@ 4 12 4 1.2.6 Eoure
B 3 21 3 213 1990 Paper 2
© 2 1.2 2 12.1 Qu. 6
@

flg(x)= flx-1)
-1 -2~ -5(x-1)+6
(x— 1)3 =x3 —3ac2 +3x-1

—2Jc2 +4x-2-5x+5+6 and completing argument

first “0” eg. 2| 1-5 2 8
_ 3§ 8
1-3 -4 0

- 3x—4=(x+D(x—4)
(=D +1(x~4)

denominator (=(x— 2)(x+D{x-4) 20
1,24
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Quest

sea]  30. The graph of the curve with equation y = 2x° + x3 —-13x+a crosses the
x-axis at the point (2,0).

(a)

)

Find the value of # and hence write down the coordinates of the point
at which this curve crosses the y-axis.

Find algebraically the coordinates of the other points at which the
curve crosses the x-axis.

(“3: U)? ['% ro]

, non-calc cale calc neut Content Reference :
part marks | Unit -7 e T1-="T0 781 C [A/B | Main Additional 21
Source
@ 3 21 3 1994 Paper 2
®» 4 21 4 Qu.1
(@ o strategy
e 2 2 1 -13 u
4 10 -6
2 5 =3 0
or fQ=0=16+4-26+a
o2 a=6
< 08
® 4 22553
o (x+3)2x-1)
o x=-3, %

Page 16
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Higher Mathematics

31.

The diagram shows part of the graph of

Quest

\
the curve with equation
3
fx)=x +%° -16x~16.
J

(@) Factorise f(x).
(b) Write down the co-ordinates of the four points where the curve crosses

the x and y axes.
(c) Find the turning points and justify their nature.

y non-calc calc calc neut | Content Reference :

part marks | Unit ==l RT€ [a/B] € [a/B | Main  Additional 21
@ 3 21 3 213 Source
® 2 12 |2 129 1992 Paper 2
© 6 1.3 6 13.12 Qu.1
(@) o1 any linear factor

»2  corresponding quadratic factor

2 ) =(r+ Dixr-4)x+4)
(» +* Forall 3 points on x-axis

5

{c)

11
[

(0,~16)

fx)=3x" +2x-16
use f{x)=0

x=2, and

-3 [-3[-%" 2722
f] + o] = |=-]0]+
max at (—-%,%}, min at (2,-36)
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Higher Mathemati

Cs

32. The function f, whose incomplete graph
is shown in the diagram, is defined by
f)=x" —22" +2x-1,
Find the coordinates of the stationary

Quest

& i
: M ; x
points and justify their nature. \/ /
; non-calc calc calcneut | Content Reference :
part marks | Unit I~ TAB | C [A/BlI C [A/B| Main Additional 2.1
Source
- 8 2.1 i 213, 1312 1993 Paper 2
Qui
! for knowing to differentiate
2 =4 62" +2
«®>  for putting f(x) =0
 for factorising or checking zeros
05 X= _%' x=1
.6 y=_'%%r vy =ﬂ
o7 completed nature table
1 1 1
x -3 —3 >—5 | <1 1 >1
flx)|—ve O +we | +ve 0 +ve
Mo o # S —
«®  (1,0) is pt. of inflexion, (-1, ~1{}) is min tp.
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sQa]  33. The diagram shows a sketch of part of the graph of y= X -2x%+x.

y*

M [rnp——
By

(a) Show that the equation of the tangent to the curve at x = 2is y=5x—8.

(b)) Find algebraically the coordinates of the point where this tangent meets

the curve again.

non-calc calc

Content Reference :

. calc neut
part marks | Unit =T Ta/B| C [A/B | Main Additional 2.1
Source
{a) 1.3 4 139, 117 1995 Paper 2
D) 21 | 5 212, 218 Qu.2

equate ‘y’s
2 -2x% —4x+8=0
e.g. synthetic division
the appearance of:
2
x -4

2
or x —4x+4

or 2
or —-2,2,2
x=-2, y=-18
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Higher Mathematics

34. The map shows part of the coast road

from Achnatruim to Inveranavan. In

order to avoid the hairpin bends, it is
proposed to build a straight causeway,

as shown, with the southern end
tangential to the existing road.

With the origin taken at the Post Office the
part of the coast road shown lies along the

curve with equation y = x>~ 9x. The

causeway is represented by the line AB.

The southern end of the proposed causeway

is at the point A where x =—2, and the line

AB is a tangent to the curve at A.

(a)

(i) Write down the coordinates of A.

L
P
|
*

(if) Find the equation of the line AB.
(b) Determine the coordinates of the point B which represents the northern end

=

of the causeway.
. non-calc calc calc neut Content Reference :
part marks | Unit 6T s T T AB| C [AB | Main Additional 2.1
(@i 1 0.1 1 0.1 Source
(@ii 4 1.1 4 1.1.6,4 1998 Paper 2
® 7 2.1 2 5 21,124 2.1.2 Qu.5
@ & y =10 B o° y=3r+16
o %:...._. o 3x+16=13—9x
R $ P o12x-16=0
& =3 d eg 3 1§ 0 -12 -6
5 -2 4 16
- = e
o y=10-3{x+2) 7 A -5 5
N eg. ¥ -2x-8
W eg (x+2)x-4)
' Bis(4,28)
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Higher Mathematics

35.

The parabola shown in the diagram has equation y=4x- X y
and intersects the x-axis at the origin and P.

Quest

=y

(@  Find the coordinates of the point P.
()  Ris the point (0, 2). Find the equation of PR.
(©) Theline and the parabota also intersect at Q. Find the
coordinates of Q.
. non-cale calc calcneut | Content Reference :
part marks | Unit =TT~ 3781 € [A/B | Main Additional 21
@y 2 1.2 2 129 Source
w2 1.1 2 1.1.7 1999 Paper 2
l(© 4 21 | 4 218 Qu. 4
@ @ 4x-+2=0 stated or implied by **
# (4,0)
® 3 =
o y=-dxs2

(e}

or y-2=-%(x-0)
or y—ﬂ:—%{x—-‘l}

® 4x——x2 =2-%x

eg. 2x2 ~9x+4=0

:r:-%,xml
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Higher Mathematics

Quest

36. The diagram shows a sketch of the y
graph of y = x% — 3x% 4+ 2x. y = x% —3x2 4+ 2x

(@) Find the equation of the
tangent to this curve at the
point where x = 1. o)

(b) The tangent at the point (2,0) \/ X
has equation y = 2x — 4. Find
the coordinates of the point
where this tangent meets the
curve again.

Part | Marks | Level | Calc. | Content Answer U2 0C1
(a) 5 C CN | C5 X+y= 2000 P2 Q1
)] 5 C CN | A23,A22, A21 | (—1,-6)

ol ss: know to differentiate ol Yy = ...

o’ pd: differentiate correctly o 3x2 —6x+2

o3 ss: know that gradient = f'(1) ¢ y(1) = -1

o' ss: know that y-coord = f(1) ot y(1) =0

¢® ic: state equ. of line ¢ y—-0=-1(x-1)

% ss:  equate equations o 2x —4 =% —3x2 4+ 2x

¢’ pd: arrange in standard form o/ xX3-3x2+4=0

% ss: know how to solve cubic -1 =30 4
¢’ pd: process o S
¢! ic: interpret R

identify x = —1 from working
( -1,- 6)

[END OF WRITTEN QUESTIONS]

Page 22

Questions marked ‘[SQA]'" © SQA
All others (© Higher Still Notes




